We address the portfolio selection of social projects in public organizations considering interdependencies (synergies) affecting project funds requirements and tasks. A mixed integer linear programming model is proposed incorporating the most relevant aspects of the problem found in the literature. The model supports both complete (all or nothing) and partial (a certain amount from a given interval of funding) resource allocation policies. Numerical results for large-scale problem instances are presented.
Introduction
One of the main management problems in many organizations and institutions in the public sector is to decide how to invest and manage funds available to support potential research and development projects in various areas [1] . A classification of the portfolio problem [2] distinguishes two types: (a) static and (b) dynamic. In (a), only projects proposals for funding are involved, while, in (b), at certain moments, some active projects are withdrawn from the portfolio and some inactive projects are activated.
Selecting portfolio of social projects is a periodical activity, involving a group of projects with social impact competing for financial support. This problem is categorized under the static type of portfolio problems.
It is important to highlight the differences between portfolio problems in public and private sectors. In contrast to public sector, the problem that occurs in private organizations is typically a dynamic one. Along with other differences, such as selection criteria and characteristics of the projects, in private sector, the projects can be evaluated more than once during the implementation. Moreover, criteria used to measure the portfolio in private sector are typically related to economic factors, such as expected sales, return of inversion or profit, and market situation. In the selection of portfolios of social projects, an important criterion is the social impact. Typically return of inversion or profit is not expected.
We refer to a social project as a group of tasks or activities consuming funds, carried out during a given period of time in one or more regions, with an impact on the objectives set by an organization, and focused on providing solution to problems or needs of the society.
Structural characteristics of the problem are as follows.
(1) There is a set of projects proposals competing only for funding. Every proposal is evaluated by a group of experts (reviewers) assigning to the proposal a value of its social impact (benefit).
(2) Every proposal has its own estimation of the funds required.
(3) The reviewers suggest a range of funding for each project.
(4) Each project belongs to a certain area of interest defined in the call for proposals. In particular, the area can be associated with geographical regions.
(5) The available budget is lower than the total amount of funds requested by all the proposals. Mathematical Problems in Engineering (6) Maximal and minimal value of funds that can be assigned to a given area are defined according to the organization rules. (7) The total amount of funds requested by each proposal has to be divided between the tasks included in the proposal. Since it is difficult to set up a priori an exact value of funding for each task, a range of funding is defined, indicating the minimal and the maximal amounts of funds to be allocated to each task. (8) The decision of funding is taken only once in a given period of time. (9) All the projects are scheduled to start and finish in the same time period. (10) All the tasks included in the project must start and finish in the same time period. (11) There are interdependences between projects or tasks, resulting in synergies affecting the benefice and/or providing increase-decrease of required funds. (12) According to organization rules, there may be certain relationships between projects/tasks, which restrict a number of projects/tasks included in the portfolio.
Below we summarize principal characteristics of our approach to portfolio selection problem.
(i) Characterization of Projects through a Set of Tasks.
It is natural to see the project as a set of tasks requiring funds for their implementation. If so, each of these tasks must make a contribution to the impact of the project, contributing to the quality measure of the portfolio. Thus it is necessary to include the amount of funds requested by the task, as well as an index of its importance for achieving objectives of the project.
(ii) Flexibility of the Funds Allocated to Tasks. In most of references on portfolio selection, the projects are either supported by the complete amount requested in the proposal or not supported at all. However, in many real-word problems, a part of the requested amount can also be assigned. Taking this into account, we assume that reviewers (if necessary, supported by experts) are able to analyze if the request is overestimated (underestimated). This way, an interval of possible funds assignment is defined allowing flexible assignment within the interval. Similarly, for the tasks. Hence, the funding of the project can vary according to funds assigned to its tasks.
(iii) Interdependences between Projects or Project Tasks.
Another important factor to consider is the existence of synergies between tasks produced by interdependencies in tasks and/or projects. According to Rungi [3] , projects synergies appear when the measure of the quality of all the projects is different from the sum of the measures of individual projects. In this paper, we consider the interdependencies between tasks of two or more projects producing synergies of the following types: (1) synergies of benefit or impact, (2) synergies which result in an increase in funds, (3) synergies which results in a decrease in funds, and (4) technical synergies. These are defined for groups of synergies indicating that only a subset of them can be active. Technical synergies are used to have greater control over the synergies of any kind.
The following assumptions are used in this paper.
(i) There is a person (or persons) referred to as the decision maker (DM) and representing preferences and priorities of the organization. Typically the DM is represented by reviewers of the project proposals.
(ii) The DM is able to express the advantages/disadvantages providing by synergies.
(iii) Each project can be divided into a number of tasks requiring funds.
(iv) The tasks of each project have different impacts on the objectives of the project they belong to. The value of impact is provided in the proposal and is evaluated by reviewers.
(v) The reviewers are able to define the interval of funds allocated for each task and project.
Bearing in mind the characteristics stated above, the solution of the problem consists in making the following decisions:
(1) selection of projects and corresponding tasks to be included in the portfolio, (2) allocation of funds to tasks of selected projects, (3) evaluation of synergetic effects produced by interdependences between projects/tasks included in the portfolio. Tables 1 and 2 summarize some characteristics of portfolio problems considered in the references. Table 1 shows that there is a tendency to consider more than one objective in the evaluation of the portfolio.
Some Background
These objectives can be of general form as in [4, 5] or may represent specific measures associated with a set of attributes. Portfolio problems in the private sector are focused mainly on inversion related objectives and sales, among other market related issues. In social or public areas, usually the aim is to maximize the quality of the portfolio related to the social impact of the projects selected.
The total allocation of resources means that once a project was selected for inclusion in the portfolio, it receives all requested resources. However, in many real situations, it is important to consider partial allocations of resources when a project receives less than what was requested.
In the work of Wang and Hwang [6] , they consider the uncertain character of the project cost and use fuzzy sets concept for modeling. Though resource assignment was not considered explicitly in their model, a partial assignment is implied. Table 2 presents some characteristics of social portfolios. Balance constraints may be established by organizations to set upper/lower bounds for funds designated, in particular, for R&D areas. This way, the portfolio can be balanced to assure at least minimal funding for some specific areas. Another important characteristic of the social portfolio problems is considering a project as a set of tasks, each with a certain impact on the project objectives. In [7] [8] [9] , the projects are represented by tasks that require human resources and that have relations of precedence in the planning horizon. In [10, 11] , tasks are also used in project portfolio scheduling. It was pointed out in [12] that, by representing projects by tasks, it is possible to have a control of expenses or resources consumption or even of the impact of projects on portfolio impact measures.
Since, in social area, usually only one time period is considered, only a single evaluation of proposals is implemented and a single decision on funding is taken. In contrast, in private area, proposals can be reevaluated to continue funding or even stop funding and choose another project for support if a project is no longer attractive for investment.
The Model
It is assumed that there is a set of projects competing for funding in a number of areas of research and development, such that every project belongs to a single area. The project consists of a number of tasks and the project is supported if at least one of its tasks is supported.
The project is funded sufficiently if it receives support in a certain interval of funding. The corresponding benefit function increases linearly on this interval and is zero for funding below the minimal value (see [13] for details). Sufficient funding for tasks is defined similarly.
To represent interdependency between different projects/tasks, the concept of synergy is used. Generally speaking, synergy arises when the total indicator corresponding to elements (projects, tasks, etc.) from the synergy is different from the sum of indicators corresponding to the same elements considered independently. More specifically, synergy is interpreted as a set of tasks corresponding to certain projects that, being supported sufficiently, produce an effect of changing the benefit or increase/decrease of funds. In [4] , it was assumed that synergy is activated if all its elements are funded sufficiently; that is, cardinality of synergy coincides with that of the set of the elements funded. In this paper, we use a more flexible definition of synergy. Similar to [5, 14] , we say that synergy is activated if a number of its elements funded sufficiently lie within certain bounds.
Three types of synergies are considered. Benefit synergies, being activated, result in increase/decrease of the overall benefit of the portfolio. Resource synergies result in increase/decrease of the overall funding to elements of synergy. It is assumed that resource synergies are defined for tasks corresponding to projects of the same area. Technical synergies aimed to limit the number of activated synergies of certain type. To state the model mathematically, the following notation is used.
Sets and Parameters
: set of projects competing for financial support, = 1, 2, 3, . . . , | |.
: set of areas of research and development, its indices = 1, 2, 3, . . . , | |.
: set of projects belonging to area .
: set of tasks = 1, 2, 3, . . . | |.
: set of synergies, = 1, 2, 3, . . . | |.
: set of elements (pairs) of synergy ,
: set of benefit type synergies, ⊂ .
: set of synergies of funds reduction, ⊂ .
: set of synergies of funds enlargement, ⊂ .
: set of technical synergies.
: value of synergetic effect of funds reduction by synergy .
: value of synergetic effect of funds enlargement by synergy .
] : value of synergetic effect of benefit by synergy .
: the social impact of the project .
: relative importance of the task of the project .
: available budget.
− ,
+ : minimum and maximum amount to fund the task , .
− , + : minimum and maximum amount of funds to the area . 
3.3. Objectives. Two objectives are considered: (1) represents the quality of the portfolio in a similar way as in Litvinchev et al. [15] and (2) represents the total amount of funded projects:
We consider the number of funded projects as an objective since if we have two portfolios with equal quality and resource consumption, the portfolio with more projects is preferable. In (2), the parameters and are defined similarly to Litvinchev et al. [15] but adjusted to the representation of projects by tasks. Essentially, the predicate "a task is sufficiently funded" is modeled with a degree of truth represented by a piecewise linear function , Figure 1 increasing on [ − , + ], such that ( + ) = and ( − ) = 1 [15] .
In this way, the parameters and are defined such that + = 1 for = + and + = for = − .
Thus,
For the case − < + , the expressions in (4), as well as the coefficients of the objective (2), are well defined. If − = + or are very close to each other, the objective (2) has to be modified. For − = + , we may set = 1, = 0, such that the corresponding benefit is either 0 or . Note that, in this case by constraint (8) below, the task is either supported completely ( = 1) or not supported at all ( = 0).
Constraints. The constraints of the model are
≥ 0, , , , 1 , 2 ∈ {0, 1} .
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Constraints (5)- (8) are typical budged constraints, defined at portfolio, area, project, and task levels, respectively. Constraints (9)-(10) relate tasks to projects. All these constraints are defined in Litvinchev et al. [16] . Constraints (11)-(15) represent the activation of synergies. Defining synergies at the task level provides more flexibility comparing with the definition of synergies at the project level. Here a synergy is activated if a subset of tasks in is funded with cardinality less than a number + and greater than a − (see also [5] ). If + = − , this implies that the synergy is activated only if all the tasks associated with that synergy are supported.
In (11)- (14), variables 1 and 2 correspond to lower and upper limits, respectively. We define in terms of the previous two variables to verify that the synergy is activated. Variables 1 and 2 cannot be equal to zero simultaneously, since that would imply that the sum ∑ ( , )∈ is less than − and greater than + . This is impossible since − ≤ + . Moreover, our formulation for the restriction (20) eliminates the nonlinearity of the model of Carazo et al. [5] . Constraints (16)-(19) represent resources synergies.
Technical synergies are defined to keep control over the synergies of tasks that could be activated. The aim is to limit a number of active synergies from a group of them. We call the set containing the indices of synergies to be limited; that is, = { 1 , 2 , 3 , . . . , | | }, so that only a number less than or equal to + and/or greater than or equal to − of them can be active. The set of all 's is . In our model, technical constraints are represented by constraint (20). This representation allows incorporating more than two groups of mutually exclusive groups of tasks.
Other Constraints. In some cases, it is desirable to balance the portfolio for the number of projects supported by area. That is,
where − and + are respective lower and upper bounds.
Numerical Experiments
Different groups of instances were generated varying the number of projects proposals, tasks, and synergies. The objective of the first part of the numerical study was to test the tractability of the model for large-scale instances. The commercial software CPLEX 12.5 was used for optimization running on a server DELL PowerEdge 2950 with 8 cores. Six classes of instances were generated each having 15 replications: (1) 100 projects, 2 areas, 5 tasks, and 5 synergies; (2) 500 projects, 2 areas, 15 tasks, and 40 synergies; (3) 1000 projects, 2 areas, 15 tasks, and 80 synergies; (4) 1000 projects, 2 areas, 15 tasks, and 200 synergies; (5) 10000 projects, 4 areas, 15 tasks, and 0 synergies; and (6) 25000 projects, 4 areas, 1 task, and 0 synergies. The instances were coded according to Projects Areas Tasks Synergies, such that P100A2T5S5 corresponds to the first class. Table 3 shows the results for one run of the model using a weighted sum of the objectives (weighting parameters of 0.5 for both objectives were used in all experiments). For instances with less than 1000 projects, the running time was on average less than 1 min. For large-scale instances with more than 1000 projects, the running time increased in the worst case up to 10 min.
From Table 3 , we may conclude that the number of projects is not a critical factor for the increasing of CPU time. However the number of tasks and, especially, the number of synergies represent a key factor for the complexity of the problem, as can be observed in instances P25000A4T15S0 and P1000A4T15S200. Bearing in mind that the model is used for long-term decisions, we may conclude that the model provides decisions in a reasonable time. For more numerical experiments for very large-scale instances, see Irarragori and Martínez [17] .
The second part of the numerical experiment was conducted to see the behavior of the model subject to changes in some parameters. In particular, upper and lower bounds for the funds to be assigned for projects and tasks were of special interest. Three classes of 15 instances were considered (P100A2T5S5, P500A2T15S40, and P1000A2T15S80).
First, all instances were solved and the respective values of the objectives (quality of the portfolio and number of projects) and the solution time were stored. Then we reduced the interval [ − , + ] of possible funding for each task of the project. This was done by shifting the minimal amount − towards the maximal value + keeping the later constant.
The new interval was obtained in the form
, where ∈ [0, 1] represents the index of reduction.
In the experiment 7 levels of reduction were considered corresponding to different values of (in %): 10%, 30%, 50%, 90%, 95%, and 100%. Reduction 100% ( = 1) corresponds to − = + . In this case by constraint (8), the task is either supported completely ( = 1) or not supported at all ( = 0). The reduction of funds was applied to a different number of projects. We selected randomly 25%, 50%, 75%, and 100% of all the projects being subject to funds reduction. The results of the corresponding computational experiment are summarized in Tables 4-6 . The indicators presented in these tables are the average (over all problem instances) reductions in number of projects supported and in the quality measure. More specifically, the quality reduction indicator (QR) in Tables 4(a), 5(a), and 6(a) was defined as QR = (1 − / ) ⋅ 100%, where denotes the quality measure without funds reduction, while states the quality measure after funds reduction. Similarly, the project reduction indicator (PR) in Tables 4(b), 5(b), and 6(b) was defined as PR = (1 − / ) ⋅ 100%, where and denote the number of projects before and after funds reduction, respectively.
Observing the columns in Tables 4-6 , we may conclude that both QR and PR increase monotonously as long as the number of projects with funds reduction is increased. This holds for all problem instances and all indices of funds reduction. That is, applying funds reduction to more projects results in stronger decrease for both objectives of the problem, the quality, and the number of projects in the portfolio.
Considering the rows in Tables 4-6 , we see that, for the fixed number of projects with funds reduction, both QR and PR typically increase as long as the value of the funds reduction index is increased. However, this is not always the case. For example, comparing the first 3 rows in Table 4 (a), we see that the QR slightly decreases when changes from 90% to 95%. That is, reducing the funds results in increase of the quality. However, this is "compensated" by decrease in the number of projects supported.
Generally speaking, the weighted criterion (the weighted sum of the quality and the number of projects) decreases as long as the funds reduction increases. This holds since solution to the weighted problem (2)-(22) obtained for a smaller funding interval remains feasible for the same problem with a larger funding interval. But this does not mean that both terms, quality and projects, have to be decreased. An increase of one term can be compensated by a larger decrease of the other. Table 7 presents the values of indicator characterizing relative changes of CPU time due to funds reduction. This indicator was defined as TR = ( / − 1)100%, where is CPU time without funds reduction and corresponds to CPU time after funds reduction. Note that a negative value of TR indicates that is less than . The average (over 15 problem instances) value of the indicator is presented.
As we can see from Table 7 , if funds reduction is applied to all projects (the last row in tables), then reducing interval of funding always results in increase of CPU time (all values in the last row are positive). That is, instances with complete (all or nothing) type of funding for all projects are more difficult to solve for this model. However, if funds reduction is applied only to a part of projects, CPU time may either increase or decrease (negative values in the table). Comparing with the values of CPU time presented in Table 3 , we may conclude that even if CPU time increases, it is still reasonably low.
Conclusions
This paper studies portfolio selection problem for R&D projects in public organizations. Two objectives are considered: benefit (the quality of portfolio related to the social impact of projects) and number of projects supported. It is assumed that there is a set of projects competing for funding in a number of areas of R&D, such that every Mathematical Problems in Engineering 9 project belongs to a single area. The project consists of a number of tasks and the project is supported if at least one task is supported. The project/task is funded sufficiently if it receives support in a certain interval of funding. The interdependency between projects/tasks is modeling using the general concept of synergy. A synergy is active if a number of its elements supported sufficiently are within certain bounds. Three types of synergies are considered, affecting the benefit, changing resource consumptions, and the so-called technical synergies, aimed at limiting the number of active synergies. A corresponding mixed integer linear model is presented providing solutions to large-scale instances in a reasonable time.
We demonstrated that, within the proposed model, the project/task can be supported, completely, receiving the funds requestedor, partially, receiving funds within a certain interval; that is, the concept of sufficient (continuous) funding was implemented.
The computational experiment demonstrates that increasing the number of projects subject to funds reduction results in decrease for both objectives. However, if the number of projects subject to funds reduction is fixed but the strength of funds reduction is increased, one of the objectives may increase at the expense of a larger decrease of another.
Only one type of the resources (funds) was considered in the model. An interesting direction for future research is studying problems with multiple resources, where synergetic effects can arise not only at the level of projects/tasks, but also at the level of resources.
